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GRAPHS EMBEDDED INTO FINITE PROJECTIVE PLANES
KEITH MELLINGER, RYAN VAUGHN, AND OSCAR VEGA
Abstract. We introduce and study embeddings of graphs in finite projec-
tive planes, and present related results for some families of graphs including
complete graphs and complete bipartite graphs. We also make connections
between embeddings of graphs and the existence of certain substructures in a
plane, such as Baer subplanes and arcs.
1. Introduction
We are interested in studying how graphs may be embedded in finite planes.
These embeddings are injective functions which preserve graph-incidence within
the incidence relation of a finite projective plane and are analogous to the notion
of embedding used in planar graphs and topological graph theory. Although planar
graphs have been well-studied, embeddings of graphs into finite projective planes
are relatively new. Thus, embeddings may give insight into the structure of finite
projective planes.
We begin by introducing necessary terminology, and establish counting lemmas
used in the later constructions and proofs. In Section 3 we prove our main results,
determining which complete bipartite graphs can be embedded in a given plane,
and by counting the number of embeddings of complete bipartite graphs of large
order. Finally, in Section 4, we establish bounds on the number of vertices and
edges an embedded complete bipartite graph can have in any given Baer subplane.
We also establish conditions when the image of a complete bipartite graph must
contain a non-Baer subplane.
We now give some terminology and well-known results necessary for later sec-
tions. Most of the content of this section is ‘folklore’; any terminology not found
here may be found in [1] (graph theory), or [4] (geometry).
We will consider a graph G = (V (G), E(G)) to be a finite set of vertices V (G),
paired with a set E(G) of 2-subsets of V (G) called edges. We will exclude directed
graphs, multigraphs, and graphs with loops. For simplicity, an edge {a, b} ∈ E(G)
will be denoted as simply ab, or equivalently ba. When context is clear, V (G) and
E(G) will be referred to simply as V or E. We will say that a ∈ V is (graph)
incident with e = ab ∈ E. The vertices a and b are called the endpoints of edge
e = ab. Graph-incidence is a symmetric relation on V × E. A bijective function
α : G → G that preserves incidence will be said to be an automorphism of G.
Homomorphisms/isomorphisms between graphs are defined accordingly. The group
(under composition) of all automorphisms of G is denoted by Aut(G).
If G = (V,E) is a graph such that there is a partition of V into two classes X
and Y such that for every ab ∈ E, a ∈ X and b ∈ Y or b ∈ X and a ∈ Y , then
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G is a bipartite graph. In this case X and Y are called the classes of G. If every
point in X is connected to every point in Y , then G is a complete bipartite graph
and is denoted K|X|,|Y |. It is easy to see that Km,n is isomorphic to Kn,m, and so
without loss of generality we assume m ≥ n unless otherwise specified.
Definition 1. A projective plane π = (P ,L, I) is a collection of points P and lines
L, paired with a symmetric incidence relation I ⊆ (P × L) ∪ (L × P) such that:
(a) For every P1, P2 ∈ P, there exists a unique ℓ ∈ L such that P1Iℓ and P2Iℓ.
(b) Every line is incident with at least three points.
(c) For every ℓ1, ℓ2 ∈ L, there exists a unique P ∈ P such that ℓ1IP and ℓ2IP .
(d) There exists four points in P, no three of which are all incident with a common
line in L.
It is known that every finite projective plane π is associated to a natural number
q, called the order of π, such that |P| = |L| = q2 + q + 1, and that the number
of points on each line is exactly q + 1, as well as the number of lines through any
point is exactly q+1. All known examples of projective planes have order equal to
the power of some prime. In fact, for every power of a prime there are examples of
planes having that order, and if this number is at least 9, and not a prime number,
then non-isomorphic planes having that order exist. It is a long-standing open
question as to whether there exists a finite projective plane with order that is not
a prime power.
Definition 2. Let π = (P ,L, I) be a projective plane. If there exists a projective
plane π0 = (P0,L0, I0) such that P0 ⊆ P ,L0 ⊆ L, and I0 ⊆ I. Then π0 is said to
be a subplane of π, denoted π0 ⊆ π.
Theorem 1 (Bruck, see [2]). Let π be a projective plane of order q. If π0 is a
subplane of π with order n, then either n2 = q or q ≥ n2 + n.
In the case when n2 = q we say that π0 is a Baer subplane of π. It is known
that every line of π must intersect π0 in at least one point. Similarly, every point
of π is incident with at least one line of π0.
We are interested in studying how graphs will embed in a finite projective plane.
First, we carefully define our notion of embedding.
Definition 3. An embedding φ of a graph G = (V,E) into a projective plane
π = (P ,L, I) is an injective function
φ : V → P
that induces, by preserving incidence, an injective function
φ : E → L.
If such an embedding exists we say that G embeds in π, and write G →֒ π.
We remark that multigraphs are out of the range of the previous definition
because we are identifying the unique line through two points with a unique edge
through them. Also, since the points on any given line in a finite projective plane
are not ordered, oriented graphs will not be considered. Finally, although Definition
3 is perhaps more precise and rigorous, when context is clear, we will denote an
embedding φ of G into π as φ : G →֒ π.
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The study of embeddings of graphs into projective planes has a short history.
Although the original inspiration for the study of cycles in projective planes takes
us back many decades (see [5] and [6] for a thorough historical narrative), consid-
ering the embedding of more complicated graphs has not been done in a serious
and systematic way. Hence, this article intends to answer a few natural questions
that quickly arise, and to present thought-provoking results that show unexpected
connections between embeddings of complete bipartite graphs and well-known sub-
structures of some projective planes.
Finally, we would like to remark that the work in [5] and [9] deals with counting
k-cycles in projective planes, for small values of k. Meanwhile, the pancyclicity
(admitting embeddings of every possible cycle) of every every projective plane is
proved in [6]. Also, an algebraic approach to embeddings of cycles, and the study
of wheels and gear graphs embedded into projective planes may be found in [7].
2. General results on embeddings of graphs
Note that if G is a graph, ϕ ∈ Aut(G), and φ is an embedding of G into π,
then φ ◦ ϕ is also an embedding of G into π. However, these two embeddings ‘look
the same’ in π, as they use the same points and lines, and the incidence between
the embedded vertices and edges is also the same. This inspires the following
definitions.
Definition 4. Let G be a graph, π be a projective plane, and φ, ψ be embeddings
of G into π.
(a) If ψ = φ ◦ ϕ, for some ϕ ∈ Aut(G), we will say that φ and ψ are equivalent
embeddings of G into π.
(b) We denote the number of embeddings of G in π by Npi(G). The number of
un-equivalent embeddings of G into π is denoted by npi(G).
Remark 1. Definition 4(a) yields a free action of Aut(G) on the set of embeddings
of G into π. Hence, Npi(G) = npi(G)|Aut(G)|.
Definition 5. Given φ, an embedding of a graph G into a projective plane π, the
incidence structure (φ(V (G)), φ(E(G)), I), where I is naturally induced by φ and
the incidence in G, will be said to be an image of G in π.
Remark 2. If φ and ψ are two embeddings of a graph G yielding the same image
then φ−1ψ is an automorphism of G. Hence, the number of images of G in π is
equal to npi(G).
We summarize Remarks 1 and 2 in the following theorem.
Theorem 2. Let G be a graph embedded in a projective plane π. Then,
Npi(G) = npi(G)|Aut(G)|
Moreover, npi(G) is equal to the number of images of G in π.
Theorem 2 makes it fairly easy to count nPG(2,2)(G) for various graphs, such as
small cycles and complete graphs. In all these cases, nPG(2,2)(G) is a multiple of
7 = 22 + 2+ 1. This observation yields the following easy generalization of Lemma
8 in [5].
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Lemma 1. Let G be a graph embedded in a projective plane π of order q that admits
a cyclic collineation group H of order m acting freely on the points of π. Then,
(m/d) | npi(G), where gcd(v(G),m) = d.
The same result holds for a group acting freely on the lines of π, under the
condition gcd(e(G),m) = d.
Corollary 1. If a projective plane π of order q admits a Singer cycle, and G
is a graph with gcd(v(G), q2 + q + 1) = 1 or gcd(e(G), q2 + q + 1) = 1, then
(q2 + q + 1) | npi(G).
Corollary 2. If gcd(s, q2 + q + 1) = 1, then q2 + q + 1 divides both nPG(2,q)(Cs)
and nPG(2,q)(Ks).
Remark 3. If a graph G is embedded in a projective plane π, then G can also be
embedded in any other plane that is isomorphic to π, or in one that has a subplane
isomorphic to π. It is also immediate that if a graph G embeds in π then so does
every subgraph of G.
One of the most fundamental questions about embeddings asks what graphs
can be embedded in projective planes, and more specifically, what graphs can be
embedded in a given plane. The first (trivial) bounds are given by the order q of
the plane π that will ‘host’ the graph G. For instance, G cannot be embedded in
π if v(G) or e(G) are larger than q2 + q + 1, as this is the number of lines, and
points, in π. Similarly, a graph having a vertex of degree larger than q + 1 cannot
be embedded in π because there are exactly q + 1 lines through any given point of
π. Thus we have shown.
Lemma 2. Let G be a graph embedded in a projective plane π of order q, then
v(G) ≤ q2 + q + 1 e(G) ≤ q2 + q + 1
and
deg(v) ≤ q + 1
for all v ∈ V (G).
The bounds above are sharp. For the first two bounds we refer the reader to
[6], where given a projective plane π, a cycle using all lines and points of π is
constructed. For an example reaching the latter bound, we observe that the set of
lines through a point yields a trivial example. For a less trivial example, we consider
two distinct points P and Q in π, and l a line that contains neither P nor Q. Let
{l1, l2, · · · , ln+1} be the set of lines through P , xi = li ∩ l for all i = 1, 2, · · · , q+ 1,
and let mi be the line through Q and xi, for all i = 1, 2, · · · , n+ 1. Note that one
of the lines through P must go through Q. This line will go through exactly one of
the xi’s. Without loss of generality, assume it goes through x1. Then, the graph
with vertices {P,Q} ∪ {xi : i = 2, . . . , q + 1} and edges all the lines through P or
Q has two vertices with degree exactly q + 1.
Embeddings of cycles have already been studied in [5] and [6], thus the natural
next family of graphs to consider would be that of complete graphs. Most precisely,
we would like to know how large n can be in order to embed Kn into a plane of
order q. This problem boils down, quite naturally, to a well-studied object in finite
geometry.
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Definition 6. Let π be a projective plane of order q. An n-arc in π is a set of n
points of π such that no three of them are collinear. If q is odd, a (q + 1)-arc in π
is said to be an oval. If q is even, a (q + 2)-arc in π is called a hyperoval.
Remark 4. No arc can have cardinality larger than that of an oval. Not all pro-
jective planes contain ovals. For instance, there are exactly four finite projective
planes of order 16 containing no hyperovals (see [8]).
Theorem 3. Let π be a projective plane of order q, and n ∈ N. Then, Kn →֒ π
if and only if there is an n-arc in π. Moreover, npi(Kn) is equal to the number of
n-arcs in π.
Proof. Let P,Q,R be any three points of π corresponding to vertices of an embed-
ded Kn. Then, since the lines joining any 2 of these points must corresponding to
edges in Kn, it is necessary that P,Q,R are not on a common line.
Conversely, if there is an n arc in π, then we can connect all possible pairs of these
points using distinct lines, yielding an embedding of Kn into π.
Note that we have defined a bijection between images of Kn in π and n-gons. This
finishes the proof. 
Corollary 3. Let πq be a projective plane of order q, and n ∈ N. If Kn →֒ πq,
then q is even and n ≤ q + 2, or q is odd and n ≤ q + 1.
The converse of Corollary 3 is not true, as there are planes where ovals/hyperovals
do not exist (see Remark 4 above). Note that this yields examples of planes that,
even though they have the same order, do not admit embeddings of the same
graphs. Hence, the study of embeddings of graphs in projective planes could be
used to classify planes.
We now look at conditions that would assure the embedding of a Kn in a plane
of order q. We want this condition to be independent from whether or not the plane
contains ovals/hyperovals.
Let π be a projective plane of order q (think q large). Since any projective plane
contains a quadrangle, K4 is embedded in π. The 6 lines of K4 cover at most
6(q + 1) points. Thus if q is large then there will be a point in π that is not in
any line of the embedding. It follows that we can add any of these points to K4 to
create an embedding of K5 in π. Now we will have 10 lines used in the embedding
and thus at most 10(q + 1) points covered by those lines. Then again, if q is large,
there will be free points to create a K6.
We can keep repeating the process above. The graph Kn has n(n− 1)/2 edges,
and thus at most n(n− 1)(q+1)/2 vertices are covered by it. Hence, if q2+ q+1 ≥
n(n − 1)(q + 1)/2 then Kn can be embedded in π. Thus it is enough to ask
q ≥ n(n− 1)/2. We can phrase this result as follows.
Theorem 4. Let G be the complete graph Kn, and choose q ≥ n(n− 1)/2. Then
G can be embedded in any projective plane π of order q.
The following corollary is an immediate consequence of Remark 4.
Corollary 4. Every graph G can be embedded in any projective plane of order
q ≥ v(G)(v(G) − 1)/2.
It turns out that we can tighten these arguments up quite firmly.
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3. Complete bipartite graphs
In the case of complete bipartite graphs, we can give a similar result. We start
with a natural construction that yields a complete bipartite graph and, therefore,
any of its subgraphs.
Theorem 5. Let G be a subgraph of the bipartite graph Kn,n. Then, G can be
embedded in any projective plane π of order at least n.
Proof. Let π be a projective plane of order at least n.
We choose a point O and any two distinct lines in π, ℓ and m, both through O. Let
{P1, P2, · · · , Pn} be a set of n distinct points in ℓ \ {O} and let {Q1, Q2, · · · , Qn}
be a set of n distinct points in m \ {O}.
Let li,j be the line of π incident with Pi and Qj. Since in a projective plane there
is a unique line through any two points, the set {li,j; i, j = 1, 2, · · · , n} has exactly
n2 elements. It follows that Kn,n is embedded in π, and thus so is G. 
Using ideas already discussed in Theorem 5 we can give a complete characteri-
zation for when complete bipartite graphs are embeddable in π.
Theorem 6. The only complete bipartite graphs embedded in a projective plane π
of order q are:
(a) Kn,m, where n,m ≤ q, or
(b) K1,q+1.
Proof. Consider G = Kn,q+1, for n > 1, partitioned into independent sets U and V
where |U | = n and |V | = q + 1. Let φ : G →֒ π.
Every point P = φ(a), where a ∈ U , is incident with exactly q + 1 lines, each of
which is used to form edges in G. This uses all the lines through P , and thus, there
is no line through P that can pass through a second point Q = φ(b), for b ∈ U . But
P and Q must be collinear, yielding a contradiction. So, a bipartite graph can have
at most q elements in its independent sets. Theorem 5 assures that Kn,m, where
n,m ≤ q, can always be embedded in π.
For the other case, K1,q+1 may be embedded in π by considering a point and a line
not through the point. Also, for when q is even, an oval and its nucleus yield a
different embedding of the same graph. 
We now present results concerning the number of embeddings of complete bi-
partite graphs into planes. Most of these results will be in extremal cases, and will
eventually lead us to consider subplanes in the following section.
Counting the embeddings of G = Kn,q, for 2 ≤ n < q, is very complex, as the
different embeddings can be ‘hosted’ by many different configurations of points and
lines; too many to be counted effectively. However, in specific cases one may get
some interesting results.
Lemma 3. Let π be a projective plane of order q, and 1 ≤ n ≤ q + 1. Then,
npi(K1,n) =
(
q + 1
n
)
qn(q2 + q + 1)
Proof. Let G = K1,n, and φ : G →֒ π. Let v ∈ V (G) be the vertex in the singleton
class. An embedding of K1,n is uniquely determined by the choice of φ(v), of which
there are q2 + q + 1 choices, and the choice of exactly one point on n of the q + 1
lines through φ(v). Once the n lines to be used in the embedding are chosen, there
are exactly qn ways to choose the n additional points in φ(V (G)). 
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Lemma 4. Let π be a projective plane of order q. Consider φ : Kn,q →֒ π, for
2 ≤ n ≤ q, and let U and V , containing n and q vertices respectively, be the two
classes of Kn,q. Then, all points in the embedding of U are collinear.
Proof. Note that any given P ∈ φ(U) is adjacent to the elements in φ(V ) via q of
the q + 1 lines through P , forcing that none of the other n − 1 elements in φ(U)
is incident with any of these lines. Hence, φ(U) ⊆ m, where m is the only line
through P that does not intersect φ(V ). 
Theorem 7. Let π be a projective plane of order q. Consider G = Kn,q →֒ π, for
2 ≤ n ≤ q, where V (G) = U ∪ V with |U | = n and |V | = q. Then,
(a) For n = q we get:
npi(Kq,q) =
(
q2 + q + 1
2
)
(b) If n < q, and every embedding of V lies on a line, then
npi(Kn,q) = 2
(
q2 + q + 1
2
)(
q
n
)
(c) If n = q − 1, then the points in the embedding of V are collinear, and
npi(Kq−1,q) = q
2(q + 1)(q2 + q + 1)
Proof. Let φ : G →֒ π, 2 ≤ n ≤ q, and U, V as described above.
(a) Lemma 4 implies that the 2q points in the embedding of G must lie on two
lines. It follows that the number of embeddings of G into π is given by the number
of pairs of intersecting lines in π.
(b) We first choose two lines of π, and then choose one of them to be the one con-
taining φ(U). The result follows from then choosing n points, from the q available
points on this line, to create φ(U).
(c) First notice that the result is valid for q = 2 (and consistent with Lemma 3).
For q > 2, the value of npi(Kq−1,q) will follow from (b), as soon as we prove that
the points of φ(G) lie on two lines.
Consider P,Q ∈ φ(V ), and note that the remaining q− 2 points of φ(V ) cannot be
on lines that connect P or Q with the q− 1 points of φ(U). By inclusion/exclusion,
the number of distinct points on these lines is exactly
2(q(q − 1) + 1)− (q − 1)2 = q2 + 1
Also, the two unused points on the line containing φ(U) cannot be used, as this
line passes through two points that are not neighbors in G. So, the remaining q− 2
points of φ(V ) have to be located among the
(q2 + q + 1)− (q2 + 1)− 2 = q − 2
points remaining in π. These are exactly the points on PQ, different from P and
Q, not intersecting the line containing φ(U). 
In the proofs of the previous two results we have used lines connecting points in
the same maximal independent set of the embedding of a complete bipartite graph.
We want to generalize this idea, as it will help us to obtain several interesting
results. Hence, we make the following definition:
Definition 7. Let π be a projective plane and φ : G →֒ π. If P = φ(v), Q =
φ(w), where v, w ∈ V (G) and vw /∈ E(G), then we will say that the line PQ is a
complement line of the embedding.
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We easily get the following two results. They will help us have a better under-
standing about the set of all complement lines of a complete bipartite graph.
Lemma 5. Let φ : Km,n →֒ π be an embedding of Km,n into plane π. Then the
set of complement lines is disjoint from the set of embedded edges.
Proof. Let U and V be the maximal independent sets of Km,n, and suppose uv ∈
E(Km,n) is embedded to a complement line ℓ = φ(uu0), where u0 ∈ U . Then the
edge u0v is embedded to ℓ. Thus two edges are embedded to the same line which
is a contradiction. 
Lemma 6. Let φ : Km,n →֒ π be an embedding of Km,n with V (Km,n) = U ∪ V .
Then φ(U) together with the set of complement lines of φ(U) form a linear space
under the incidence relation of π.
Proof. By definition, every complement line must contain at least two points of
φ(U). Since we embed into a projective plane, every pair of points may have at
most one line through them. 
Theorem 7 (b) can be used to obtain npi(Kq−n,q), as long as we know that all
embeddings of Kq−n,q lay on two lines. Our next theorem provides conditions for
this to happen.
Theorem 8. Let π be a projective plane of order q. Consider G = Kq−n,q →֒ π,
for 2 ≤ q − n ≤ q, where V (G) = U ∪ V with |U | = q − n and |V | = q. If q > n2,
then the vertices of the embedding of G lay on two lines.
Proof. Lemma 4 tells us that |V | = q forces the existence of a line ℓ such that
φ(U) ⊆ ℓ. We let A1, A2, . . . , An+1 be the n+ 1 points on ℓ \ φ(U).
Let P and Q be two distinct points in φ(V ). Since PQ intersects ℓ we assume,
without loss of generality, that An+1 ∈ PQ. It follows that the elements of φ(V )
must lay on PQ, or be one of the points of intersection of the lines PAi, and QAj ,
for 1 ≤ i, j ≤ n. However, Ai /∈ φ(V ), for all 1 ≤ i ≤ n, and thus at most n(n− 1)
vertices of φ(V ) are not on PQ. Note that every complement line through P must
contain at most n points of φ(V ).
Now assume there is a point R ∈ φ(V ) not collinear with P and Q. The argument
used above (now with R instead of Q) forces PQ to contain at most n points of
φ(V ). Hence, q = |φ(V )| ≤ n(n − 1) + n = n2, which contradicts our hypothesis.
So, the points of φ(V ) must be collinear. 
Remark 5. The bound q > n2 in Theorem 8 is sharp. For example, if n = q − 2
and q ≥ 5, then we get
npi(Kq−2,q) =
q2(q2 − 1)(q2 + q + 1)
2
But if q = 3 we get npi(K1,3) = 13 ·4 ·3
3 = 468, and for q = 4 we obtain npi(K2,4) =
21 ·
(
5
2
)
· 4! = 5040. These two values are not consistent with what Theorem 8 would
have given us.
Moreover, if q = n2 and π has a Baer subplane B then we consider a line ℓ of B
(ℓ is also seen as a ‘longer’ line in π). We let φ(U) to be the points on ℓ \ B, and
φ(V ) to be the points on B\ℓ. This selection of φ(U) and φ(V ) yields an embedding
of Kq−n,q into π, with q = n
2, not having the points on φ(V ) laying on a line.
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We will continue studying the interplay between subplanes and embeddings of
complete bipartite graphs in the following section.
4. Subplanes
Note that the set of points in the embedding of a class of Km,n together with all
its complement lines forms a partial plane. We are interested in studying whether
this structure could ever be a subplane. Our hopes are, firstly, based on the follow-
ing remark.
Remark 6. Consider π a projective plane of order q, and assume G = Km,n →֒ π,
where n = s2 + s+ 1 and m = q − s, for some s ∈ N.
There are at most q+1− (q−s) = s+1 complement lines per point in the maximal
independent set of size s2 + s+ 1.
Theorem 9 (Erdo˝s–De Brujin [3]). Let S = (P,L) be a finite linear space with
|P | = v and |L| = b > 1. Then
(a) b ≥ v.
(b) if b = v, any two lines of S intersect at a point in S.
In case (b), either one line has v− 1 points and all others have two points, or S is
a finite projective plane.
The following lemma will help us in the study of these potential subplanes.
Lemma 7. Let π be a finite projective plane of order q, and A = (P ,L, I) a set of
points and lines of π satisfying the axioms of a linear space. Assume that there is
an integer 1 < n ≤ q such that no point of A is incident with more than n+1 lines
in A. Then,
(a) If |P| = n2 + n+ 1, then either |L| = 1, or A is a subplane of π.
(b) If |P| > n2 + n+ 1, then |L| = 1.
Proof. (a) If |L| 6= 1, by Theorem 9, A is either a finite projective plane or contains
a line with n2 + n points, with a single point not on the line. Suppose the latter,
then there would be n2 + n lines through the point not on the line, contradicting
the assumption that each point may have at most n + 1 lines of A incident with
it. Hence, A is a finite projective plane if |L| 6= 1. If |L| = 1, all points must be
collinear, since every two points are collinear in a linear space.
(b) Follows from Theorem 9(a). 
Theorem 10. Let π be a projective plane of order q and let n > 1 be a natural
number. Then, any embedding of Kq−n, n2+n+1 maps the maximal independent set
of size n2 + n+ 1 to either a subplane of order n, or to points on a line.
Proof. Note that, implicitly, we are assuming q > n2 + n, as this is needed for
Kq−n, n2+n+1 to embed into π.
Let P be an embedded vertex of the maximal independent set of size n2 + n + 1.
Because of Remark 6, P is incident with at most n+1 complement lines. It follows
that the set of embedded vertices of the maximal independent set of size n2+n+1,
together with their complement lines and the incidence relation inherited from π
satisfy the hypothesis of Lemma 7. The result follows. 
Corollary 5. Let π be a projective plane of order q and let n > 1 be a natural
number. Then any embedding of Ks,t, where s ≥ q − n, and t > n
2 + n + 1 maps
the maximal independent set of size t to points on a line.
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Proof. Since t > n2 + n + 1, there are at least two embeddings of Kq−n, n2+n+1
into π, sharing a Kq−n, n2+n. We denote these embeddings G1 and G2. We now
apply Theorem 10 for each of these graphs. If the two classes of size n2 + n + 1
are subplanes we get a contradiction, as the partial plane on n2 + n points (the
intersection of the two subplanes) can be extended in a unique way to a projective
plane, as the missing point must be the intersection of two lines that are parallel
in the subplane. It follows that, without loss of generality, G1 has its independent
set of cardinality n2 + n + 1 contained in a line. Hence, G2 must have the same
property, as G1 and G2 share a Kq−n, n2+n. Moreover, since these lines will share
at least two points, they are the same line. 
Corollary 6. Let π be a projective plane of order q, and let n, s, t ∈ N be such that
q = (n+ 1)2, and q ≥ s, t > q − n. Then,
npi(Ks,t) = 2
(
q2 + q + 1
2
)(
q
s
)(
q
t
)
for s 6= t, and
npi(Ks,s) =
(
q2 + q + 1
2
)(
q
s
)2
Proof. If q = (n+1)2, then q−n = n2+n+1. It follows that q ≥ s, t > n2+n+1,
and thus each maximal independent set of Ks,t must embedded into a line. Hence,
the number of images of Ks,t in π is thus obtained by counting how to choose two
distinct lines in π and then how to choose points on them. 
Remark 7. If t is a Mersenne prime, or t + 1 is a Fermat prime, then the pair
(t, (t+ 1)2) could serve as the (n, q) pair required in the hypothesis of Corollary 6.
An example of a pair not covered already would be (n, q) = (8, 34).
Definition 8. Let G = (V,E) be a graph and G0 = (V0, E0) be a subgraph of G. If,
given v1, v2 ∈ V0, v1v2 ∈ E implies v1v2 ∈ E0, then G0 is said to be a full subgraph
of G.
Lemma 8. Let Π be a projective plane of order q2, and π be a Baer subplane of
Π. Then, an embedding of a maximal complete graph Kq2,q2 into Π can contain at
most either:
(a) q2 points of a Baer subplane, for q > 2, or
(b) q2 + 1 points of a Baer subplane, for q = 2.
Proof. Let q > 2 and φ : Kq2,q2 →֒ Π. Let K be the full subgraph of Kq2,q2 on the
set of vertices which are embedded to points of π.
Suppose φ(Kq2,q2) contains q
2+1 points of a Baer subplane. It follows that K must
be a complete bipartite graph, and thus Theorem 6 can be applied to K and π.
Hence, since q2 = q+1 is impossible, K must be of the form Ks,t with 2 ≤ s, t ≤ q.
Then, there is an integer n such that 2 ≤ n ≤ q2 − 1 such that K is isomorphic to
Kn,q2+1−n. It follows that this graph contains exactly n(q
2 + 1 − n) edges. This
number must minimize at the endpoints of the interval [2, q2 − 1], as n(q2 + 1− n)
is quadratic in n with negative leading coefficient. Hence, the minimum number
of edges is 2(q2 − 1) = (q2 + q + 1) + (q2 − q − 3), but this number is larger than
q2 + q + 1 because q > 2, a contradiction. If q = 2 the result follows similarly. 
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Lemma 8 yields a string of corollaries, the first one of them being the most
immediate.
Corollary 7. Any complete bipartite graph Km,n embedded in a plane of order q
2
can contain at most q2 + 1 points of a Baer subplane.
Corollary 8. Let Π be a plane of order q. If a subplane π of order n contains a
cycle of an embedded Kq,q, then it contains an embedded Kn,n.
Proof. If such a cycle exists, at least two points from either class of Kq,q must be
in π. Since Kq,q is maximal, we know that points in each partition are on the same
line. Hence, the cycle implies that π contains both such lines and thus contains the
full sub-embedding of Kq,q 
Corollary 9. Let π be a projective plane of order q and φ : Kq,q →֒ π. Then,
φ(Kq,q) can contain at most 2n points of a subplane of π of order n.
Proof. Since the image of Kq,q under an embedding is on two lines (Theorem 7),
any intersection of the subplane and two lines of the parent plane contains at most
2n + 1 points, but in the maximal case, the point of intersection of the two lines
is not an embedded vertex, and thus there may at most be 2n vertices embedded
into the subplane. 
Corollary 10. An embedding of Kq2,q2 into a projective plane of order q
2, Π, must
contain at least q lines of every Baer subplane of Π.
Proof. Let π be an arbitrary Baer subplane of Π. Since there are q4 + q2 + 1 lines
in Π, and q2 + q + 1 lines in π, there are q4 − q lines of Π not in π. Since Kq2,q2
contains q4 edges, there must be q lines which are in π. 
The ideas in this article have the potential to be very useful in the study, and
classification, of finite projective planes. This is based on Remarks 3, 4 and 5, and
on the fact that most of the results in Section 4 depend on the existence of Baer
subplanes, which are known to be present in certain (but not all) planes, and occur
in different numbers depending on the plane.
It would be interesting to continue the work on embeddings by looking for con-
nections between the existence of certain configurations (e.g. Pappus, Desargues,
etc) in a given plane and the types of graphs that can be embedded in such plane.
Also, it has become evident that it is necessary to understand how the collineation
group of a plane connects, if it does at all, with the automorphism group of a graph
that embeds in it.
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